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Abstract

In this study the Green’s function technique has been used to solve the solidification problem in plate geometry for
three alternative types of boundary condition at the surface of the plate. With this method the differential equation for
heat conduction is transformed into an integral equation with line integrals, reducing in this manner the integration to
a solution at the boundaries of the domain. The advantage is a considerable saving of computer time. Simple forms of
boundary condition, that is constant values of temperature T,, of heat flux density g,, or of heat transfer coefficient 4,
are used, but the treatment can readily be extended to time dependent values. The rate laws for the advancement of the
solidification front and for the evolution of surface temperature (in the case of prescribed ¢, or 4) are obtained and are
presented in non-dimensional form. © 1998 Elsevier Science Ltd. All rights reserved.

Nomenclature
a thermal diffusivity
Bi Biot number

specific heat of solid

Green’s function

heat transfer coefficient

half-width of the slab
number specifying node on time scale
dimensionless time (Fourier number)
pe dimensionless time to the end of solidification
(=ate/L?)

Ph  phase transformation number

go heat flux density

s dimensionless coordinate

S dimensionless shell thickness

t time

tg time to the end of solidification

T temperature

T, surface temperature

T; melting temperature of metal

T, reference temperature

U dimensionless temperature

U, dimensionless surface temperature

TR NEQS
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x spatial coordinate
x, shell thickness.

Greek symbols

é a small positive value

AH; heat of fusion of metal per mass unit

¢ asmall positive value

#, rate constant in Neumann’s solution

A heat conductivity

¢ dimensionless coordinate at which heat source is lib-
eratedatp =1

p density

7 dimensionless time at which heat source is liberated
ats = ¢£.

Subscripts
I, 11, III  type of boundary condition.

1. Introduction

The solidification rate of metals depends on various
parameters. Its knowledge is frequently required for the
control of solidification processes in the metallurgical
industries. The mathematical problem is that of heat flow
with moving phase boundary. Analytically, such a prob-
lem can be solved only for the one-dimensional Cartesian
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case using the boundary condition of constant surface
temperature (Neumann’s solution). For other boundary
conditions and other geometries (cylinder, sphere) solu-
tions can be obtained only by numerical computation.
Chuang et al. [1-5] have shown that heat conduction and
mass diffusion problems involving moving phase bound-
aries can be solved successfully applying the Green’s func-
tion method. With this method the differential equation
for heat conduction (or diffusion) is transformed into
an integral equation with line integrals, reducing in this
manner the integration to a solution at the boundaries of
the domain. The advantage is a considerable saving of
computer time. Although the Green’s function method
is well known [6], from the general point of view, its
application to moving boundary problems is not frequent
[1-5, 7-10].

In the present study the Green’s function technique
is applied to solve the solidification problem in plate
geometry for three alternative types of boundary con-
dition at the surface of the plate. Simple forms of bound-
ary condition (constant values of Ty, ¢, or k) are used,
but the treatment can readily be extended to time depen-
dent boundary conditions. The obtained results which are
presented in non-dimensional form, can serve to predict
solidification rates of pure metals (and pure compounds)
and, in an approximate manner, also of alloys with small
freezing range.

2. Solidification model and starting equations

The geometry of the solidifying material is that of a
plate with half-thickness L, Fig. 1. Initially, there is only
melt with its temperature at the solidification temperature
(melting point) T;.* The heat is withdrawn at the surface
x = 0 of the plate causing the formation of a solid layer.
The thickness of this solid shell is x,. It is the objective of
the work to compute the rate law of growth of the shell
for three different types of boundary condition at the
surface x = 0.

The extension of the plate in the two other directions
(» and z) is taken to be infinite. Hence, the problem is
one-dimensional and the heat flow equation to be inte-
grated over the solid shell (material properties are set

constant) is
oT T
e, M
ot ax2

with @ = 4/pc,. The initial condition is

* In practical solidification procesesses, e.g. continuous cast-
ing of steel, the superheat (increase of bulk temperature of the
melt over 77 is usually very small and disappears fast, due to
the convection in the melt, and, consequently, it can be neglected
in many cases.

center line

B

! AN
=

© i

2 |

g i

& |
£

i) |

To |

|

% |

< L !

|

4] distance from surface x —»

Fig. 1. Geometry of the solidifying plate and temperature profile.

t=0, T=T, x,=0. )
At the solid/liquid interface, x = x,, the temperature is
fixed at T=T; and the enthalpy of solidification
(enthalpy of fusion) which is released due to the growth
of x,, has to be removed. Hence, there are two boundary
conditions

X = X, T= Tf (3)
oT dx,

A— = pAH;—.
o = PAH “

At the surface of the plate, x = 0, three boundary con-
ditions can be used, alternatively, depending on what is
known in the particular situation.

Boundary condition at x = 0 of the first kind: The tem-
perature Ty is specified which in reality varies with time.
Here, only the case of constant Ty, is treated. Hence, the
boundary condition of the first kind is
x=0, T=T,. (5a)
Boundary condition at x =0 of the second kind: Alter-
natively, the heat flux density ¢, at the surface may be
known, e.g. from the increase of the cooling water tem-
perature in a continuous casting mold. Here, we treat the
case of constant heat flux density. Hence, the boundary
condition of the second kind is

x=0, ia=q0. (5b)

Boundary condition at x = 0 of the third kind : Neither the
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temperature nor the heat flux density at the surface may
be specified, but a heat transfer coefficient 4 is known.
We treat the case of constant 4. Hence, the boundary
condition of the third kind is

=0 ia—T—hT T 5
x=0, A5 = h(T~T,). (5¢)

T, is a reference temperature, e.g. that of the water emerg-
ing from the cooling nozzles in the secondary cooling
zone in continuous casting.

3. Non-dimensional formulation of the problem

The differential equation (1) together with the initial
condition (2) and the boundary conditions (3), (4), and
one of (5a)—(5c) represent the complete description of
the mathematical problem. In order to obtain generalized
results the solution is carried out in non-dimensional
form. The non-dimensional variables partially differ in
the treatments of the three kinds of boundary condition
at x =0.

Boundary condition at x =0 of the first kind: The
dimensionless temperature U, time p, local coordinate s,
and shell thickness S are chosen as follows

U= ©
p=% %)
52 ®)
S=%. ®

Using equations (6)—(9) the differential equation (1) is
transformed to
U o*U
' os?

and the initial and boundary conditions (2), (5a), (3), (4)
to

(10)

p=0, U=1, §=0 (11)
s=0, U=0 (12)
s=S, U=1 (13)
ou ds
—=Ph—. 14
5 = h i (14)
The ‘phase transformation number’ Ph; is given as
AH;

Ph = ——rr. 15

! Cp(Tf_ To) ( )

For the boundary condition of the first kind the rate law
S(p) is the ‘square root law’ S = 2715\/1; with the ‘rate
constant’ 5, depending only on P#,. The results obtained

with the Green’s function method can be checked with
the well known Neumann’s analytical solution [6].

Boundary condition at x =0 of the second kind: The
non-dimensional variables p, s, S are the same as for the
boundary condition of the first kind, equations (7)—(9),
but the non-dimensional temperature U is defined in a
different manner

U MT-T)) .
qoL

The differential heat flow equation is identical to that for

the boundary condition of the first kind, equation (10),

but the initial and boundary conditions, corresponding
to (2), (5b), (3), (4), are

(16)

p=0, U=0, §=0 17
ouU

s=0, Z==1 (18)

s=S, U=0 (19)

ou ds

i Phy i (20)

with the ‘phase transformation number’ Pk, being

AH A

Phy; = . 21

N gl @1

The boundary condition (18) at s =0 is non-homo-
geneous in contrast to the boundary condition of the first
kind, equation (12). Again, the growth rate S(p) depends
on only one non-dimensional parameter Ph,;.

Boundary condition at x = 0 of the third kind: The non-
dimensional variables p, s, S are again the same as for
the boundary condition of the first kind and are given by
equations (7)—(9), but the reference temperature 7, is
used in the non-dimensional temperature U instead of
the surface temperature. Hence, U is

T-T,

U:
Ti—T,

: 22)

The differential equation is the same as before, equa-
tion (10).

The initial and boundary conditions corresponding to
), (5¢), (3), (4) are

p=0, U=1 S=0 (23)
ou .

s =0, i BiU 24

s=8, U= (25)

ou ds

Fi Phna (26)

with the ‘phase transformation number’ Phy; and the
Biot number Bi being

AH;

Phy = ———F—~
hlII Cp(Tf_' Tw)

@7
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. hL
Bi= - (28)
For the boundary condition of the third kind two
independent non-dimensional numbers Phy, and Bi are

necessary to describe the growth law S(p).

4. Green’s function method

The Green’s functions G(s, p, £, 7) are solutions for the
differential equation

—=— for p>1 29)

and can be taken to be the dimensionless temperature at
the location s and time p due to instantaneous heat sour-
ces released at the locations £ (and — &) and at time 7 and
are chosen, for the present problems, in such a manner to
fulfill, in terms of G, the boundary conditions for U at
s = 0. The following functions are available from the
literature, for the three different boundary conditions
used.
Boundary condition at s = 0 of the first kind:

§=0, p>1, G=0

1 (s—9? (s+8)?
G=—Fr———J[e" "0 —e 4G9 30y

2J/n(p—1)

Boundary condition at s = 0 of the second kind:

oG
s=0, p>r1, §=O

G 1 [ 6-9* (x+§)2] 31)
=—————[e 40— +e 1p-9].

2./n(p—1)
Boundary condition at s = 0 of the third kind:
oG .
ES‘ =BiG

1 - 9? (s+¢&)*
G=-———=[e dp-0+e 350

2 /n(p—1)
_Bieﬂiz(pﬂ)arai(wt)erfcl: s+¢ LB /—*‘p_r:l' 32)

2 /p—r

s=0, p>r,

The Green’s function contain the times as p—1t. Hence
they fulfill also the differential equation

oG G

—=—— forp>r1. (33)
ot o¢?

The heat flow equation (10) can be written, using the
variables &, 1, as

oUu  9*U

_—=—, (34
ot pe2

Equations (33) and (34) are now multiplied with U and
G, respectively. The resulting expressions are added and

an integration is performed over £ in the range 0 to S(p)
and over 7 in the range 0 to p. In order to avoid the
singularity at T = p, the upper integration limit of 7 is set
p—¢ with ¢ being a positive number infinitely close to
Zero

p—e S
j f (Ua—G+Ga—(]>dfdf
o Jo ot ot

p—¢ 2 2
- _f r (Ua—G—G6 U)dfdr. 35)
0 0 o&? &2

The integrands on the LHS and RHS of (35) can be
written as

0G U AUG)

UE-FG};: P (36a)
0*G U 0 oG 0

U— -G =—\U—=-G—=) 36b
il il 66( 0¢ a?) (36b)

By application of the Gauss sentence equation (35) can
be converted into an equation involving line integrals

oG ou
L(UG) dé = L (Ua—g —G—az)dr 37

which has to be integrated along the closed line circuit
shown in Fig. 2. The resulting expression is

S S
J (UG)r=p(§) df_J (UG)'r:pAedé
[} [}

pme (0G 6U>
- U -G dr
Jo ( o¢ % Jewso

e [ 9G  _d
U —G— = 0.
+L ( 5 Gagl:odr 0 (38)

Taking the limit for ¢ — 0 and using
U(s,p) fors< S

(39
%U(s,p) fors=S§

S
iy | .., a2~ |
the expressions

N

U(S,p) = J‘ (UG)r=p(£) dé

0

P oG ouU
—lim U —G— d
0 [L ( 0¢ o¢ >§=S(t) i

r=e [ 0G 0
+ U——-G— dt| fors< S 40a)
(v -o%)..e] (

S

1
FUS.p) = f (UG)eapr d¢

0

p—e oG oU
—lim U——-G— d
o0 [L ( o¢ o¢ ):=S(r) i
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a

E—>> S(p)

Fig. 2. Line circuit over which the line integrals in equation (37)
have to be integrated.

e/ 3G D
+L (UEE—(I'aLé/l:OdT:l fors=S (40b)

are obtained. Equation (40a) has the meaning that the
temperature in the interior of the solid phase can be
calculated from the temperatures and temperature gradi-
ents at the boundaries s = 0, s = S. The mathematical
problem is thus reduced to a problem at the boundaries
causing the savings in computer time. Equation (40b) is
the starting equation for determining the rate law S(p)
of the growth of the shell. But instead of using (40b), the
growth law S(p) can be derived also by applying equation
(40a) at a point s = S— 4, infinitely close to s = S.

Solution procedure: The specific equation for three
different kinds of boundary condition at s = 0, resulting
from (40a) and (40b), are obtained by inserting the
boundary conditions for Uats =0and s = S, and for G
at s = 0. The solution is carried out numerically.

Boundary condition at s =0 of the first kind: With
U=1 at s = S the first integral at the RHS’s of (40a)
and (40b) can be transformed to

S 4 ds
UG), 5 de = G— d 41
L (UG piny A€ JO ( dp){:sm T 41

and equations (42a) and (42b) become
r=c / dS
U(s,p) = lim [(1 + Phy) j (G—) dr
a=0 0 dp £=S(z)

'p—¢
—J Z—?E:S(ﬂdr] fors <S (42a)

0

'p—¢
= lim [(1 + Ph;) f (G d—S> dt
e=0 0 dp £=5()

7=t 0G
_J @@sm df] fors=S. (42b)

4]

PO —

The S(p) relation is made discrete by dividing p and S in
intervals pg, piy- ..y Puets Pur----Pyand Sy, Sy,...,S,_1,
Spy...»Sy with py=0, S;=0 and py=p—e and
Sy = S(p—¢). Within each interval the solidification rate
dS/dp is taken to be constant. Hence, the integration
of the integrals can be performed analytically for each
interval, and the total integral is obtained by summation.

y dS Pn
Uls.p) =(1+Ph) 3. 3 (p) j Gesio 07
n=1

P

§o[m [0G
-y J (—) dr fors<S§ (43a)
n=1 0 Jewsto

Pr—1

1 N dS Pn :
3 =+PR) 3 (p) f | Geengds
N o[ [0G
-y f (—) dr fors=S (43b)
n=1Jp aé {=5(»
with
H
fG¢=s(,) dr = 0 [erfz, +¢" erfz, —erfzy —e™erfz,]
(44a)
G 1
J -(%,5, s dt = 7 [en erfz, —eerfz,]. (44b)

Boundary condition at s = 0 of the second kind : The equa-
tions resulting from (40a) and (40b) are

p—¢ ds Pz
Us,p) = lirrol [Ph" j (G —) dt —J Ge-o dr]
i 0 dp ¢ =8(x) 0

fors < § (45a)

P—e ds P&
0= lim I:PhuJ‘ (G‘_“> dT_J G5=0 deI
o0 0 dp £=S(1) 0

fors=S (45b)
with the numerical forms

N odS Pn
U(s,p) = Phy Z _p(Pn)J G:_se df—f
n=1 P

n—1 0

G.f:() dz

fors < § (46a)

N

ds Pn
0= Phy }, —(Pn)J
"L i

n=1

14

Geosem dt “J

0

fors=S. (46b)
The analytical solutions for the integrals are

) Gcgo dr

-1

H
JGE:S(’) dr = — < [erfz, +en erfz, +erfz, + e erfz,]

(47a)
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tions resulting from (40a), (40b) are the same as for the
boundary condition of the first kind except that G from
equation (30) is replaced by G from equation (32), and

Ph, by Phy;,. The analytical solutions of the integrals are

" H
fozs(,) dr = — 3 [erfz, +e" erfz, +erfzy + e erfz,]

be's H b
+ e [1—erfzs]+ —[erfz, + ¢ erfz,] — —erfz,
Dy 4v, Uy
(48a)
(oG |
Jﬁ—éizsm dr= — E[e rerl z, +eert z4

+ e[l —erfzg]+ —erfz,.  (48b)
v, vy
The meanings of z,, z,, z;, z4, etc. are explained in
Table 1.

The iteration is carried out for each n, starting with
n =1, till the equation (43b) or (46b), respectively, is
fulfilled within a required accuracy. Then dS/dp and S
are determined stepwise for the following »’s till the
solidification is complete at S = 1. With the known rate
law dS/dp [or S(p)] the temperature profile U(s, p) can
be computed using equation (43a), or (46a), respectively.

S. Analytical solutions

Before presenting the computational results obtained
with the Green’s function technique some analytical solu-
tions will be discussed or derived, respectively, which will
be used for comparison. It has been mentioned in the
introduction that the only available exact analytical solu-
tion of the heat flow equation (1) refers to the boundary
condition at x = 0 of the first kind, equation (5a), yield-
ing the square root law x, = 2115\/5 for the growth of
the solid shell (Neumann’s solution). For the boundary
condition of the second and third kind several approxi-
mate solutions can be derived. In the context of the
present work we treat the so-called steady-state state
solutions.

Neumann's solution (boundary condition at x = 0 of the
first kind) : For constant temperature at x = 0 the tem-
perature distribution in the shell and the rate law of shell
growth are given as

T=T,+ [T T"} < ) (49)
0 3 2\/'
x, = 2n./at (50

Table 1
Meanings of abbreviations used in equations (44), (47), (48)

N _Sn i
vV, =
Prn—Pr
_4
7z

A= -V,(p=p,)—S.1—S
B=—-V.(p—pu-)—S,_ +S

- /A=)

y A
n=y v
y A
Zz_ﬁ—;
y B
B=g ;
_y B
“=Hy
¥ . 1
zs=—zl+% w1thb=E,
M
vy T
4B
v ==
A
vy =~
4b
v4=l—ﬁ
4b
#(-%)
ST

or in non-dimensional form, applying equations (6)—(9),

as
erf ( )
2
_ 51
erfy, N
with
S =21./p. (52)

The rate constant , is related to the phase transformation
number Ph;, equation (15), by

. 1
Jmneterty, = i (53)
1

Steady-state solutions: The steady-state solutions of the
heat flow equation (1) are obtained by setting the LHS
in (1) equal to zero. This means that #*T/0x? is zero
yielding the linear temperature profile in the shell

T=A+Bx (54)
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The constants 4 and B are determined from the boundary
condition at x = 0 and the boundary condition 7 = T;at
x = x,. The rate law of shell growth x,(¢) is then deter-
mined from the condition (4).

Boundary condition at x = 0 of the second kind : For the
boundary condition (5b) the coefficients 4 and B become

A =1, 2% (552)
A

4

=7 (55b)
The condition (4) yields
dxs qo
s 10 5
dt  AHp (36)
and, after integration,

_ 4
X, = AHp L. 57)

Hence, the linear time-law for shell growth is obtained.
Using the dimensionless quantities (7)—(9), (16), (21), the
non-dimensional ternperature profile and the growth law
become

U=s-8 (58)
- P
S = Phy’ 59)

The steady-state approximation should be approached
when the capacitive property of the shell is small
(¢,0T/0t - 0). This is so when c, is small or when the
temperature stays close to T; throughout the shell during
the whole time of solidification. The latter is the case if
¢oand L are small and A is large. Non-dimensionally, Phy,
should be large. Hence, the approximate solution should
approach to the exact solution at large values of Phy,.

Table 2

Boundary condition at x = 0 of the third kind: For the
boundary condition (5¢) the coefficients 4 and B become

AT, o
A+ hx, W
_WT~T,)
B= py (60b)
The condition (4) yields
dx, A(T—T,
Xs (I; ) (61)

dt  pAH(J+hx,)
and, after integration,

N 2UT—T)t 4
Xso—\/<z> +—’—p‘m——z (62)

Using the dimensionless quantities (7)-(9), (22), (27),
(28) the dimensionless temperature profile and shell
thickness become

1+s5Bi
" 14+ 8Bi (63)
1 2p 1
5= Bi? * Phy "B €4

By the same reasoning as put forward in the previous
paragraph with respect to the boundary condition of the
second kind this approximate solution should approach
to the exact solution at large Phy,; and small Bi.

6. Computational results

The equations (43), (46) were applied to compute the
growth S(p), of the shell and corresponding change of
surface temperature Uy(p) (for boundary condition at

Material properties of iron and typical ranges for Ph and Bi

AH [T kg™ '] 247000
(262000
Ty K] 1809
kg 'K 750
AWK~ m™] 32
a[m?s™] 5.7-107°
Phy 0.4-1.2
Phy 0.08-0.12
Phy 0.23
Bi 0.1-10

with heat of §/y transformation)

for T, > 1000 K

for T, > 1000 K

for T, > 1000 K

in metal mold

in a continuous casting mold at a casting
rate of | m min~!

in the secondary cooling zone of
continuous casting machine, depending
on water flow rate

* Average of ¢, for solid iron in temperature range between 7;and T, computed
from enthalpies H of solid iron as ¢, = [H(Ty) — H(To)]/(T,—Ty).
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s = 0 of the second and third kind), for selected values
of phase transformation number Ph,, Phy;, or phase trans-
formation number Ph;; and Biot number Bi, respectively.
The material properties of iron and the typical ranges for
Ph and Bi in industrial casting processes are indicated in
Table 2. The rate law S/\/; and the surface temperature
U,(p) were then correlated with suitable combinations of
phase transformation number, and Biot number, and
dimensionless time. The results can readily be applied to
obtain also the total solidification time pg and surface
temperature Uy(pg) at the end of solidification by setting
S=1.

Boundary condition at s = 0 of the first kind: Figure 3

shows, as an example, the shell thickness S as a function

of time p for Ph; = 0.5. The numerically computed curve
clearly is according to the square root law, S ~ \/;, as
required. Figure 4 gives the relationship between S/\/;
and Ph;. There is very good agreement with Neumann’s
solution, equation (53), which is included in Fig. 4 in the
form of the dashed curve.

Boundary condition at s = 0 of the second kind: Two
examples for the dependence of shell thickness S and
surface temperature U, on time p are given in Fig. 5. For
large values of Phy, S and U, vary almost linearly with
p, Fig. 5(a), in close agreement with the steady-state
approximation. But at small Pk, S and U, increase less
than linearly with time, Fig. S(b). It can be shown by
dimensional analysis that S/\/I; and U,//p are unique
functions of \/I;/Phn. Alternatively, S/, /p and U,/S can
be given also as functions of S/Phy. Both types of
relationships are presented in Fig. 6, The first, Fig. 6(a),

10 L 1 M A N i P W A A |

11y

—— this work, numerical

4 — — Neumann’s solution -
] Up=0 L

S/

0.1 —————r———— T
0.1 1 10
1/Ph,

Fig. 4. Dimensionless rate constant S/\/; as a function of phase
transformation number Ph;. Boundary condition at s = 0 of the
first kind. Comparison with Neumann’s solution.

is applied if S and U, are to be deduced as functions of
p, and the second, Fig. 6(b), if p and U, are to be deter-
mined as functions of S. To facilitate the use of these
correlations the following approximation formulae have
been deduced for \/;/S and —\/;/ U, to represent the

1 1 1 I 1 L 1 1
= | L
Xw |
& 0.8 4 !
@ [
[0] -1 3
g
S 0.6 4 L
= |
? 1 I
Kl
9 0.4 | L
2 |
[0)]
= h 1 T
ko)
§ 0.2 4 s
£ 1/ Ph=05 pg=0.39' |
° |
0 . T . T v r r .
0 0.1 0.2 0.3 0.4

dimensioniess time p=at/L2

Fig. 3. Dimensionless shell thickness S as a function of dimensionless time p for a selected value of Ph;. Numerical computation for

boundary condition at s = 0 of the first kind.
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1 L 1 1 1 1 L L i L " L 1
=l [=]
?’ 4 a) Ph”=1 0 | B 3.
1l | | o
@ 9.8+ r0.8 2
a ! T E
o - | i @
g . e
2 0.6- 0.6 &
= S ! @
@ 1 l -Uo l - @
< €
(7] | 53
A 0.4+ 0.4 ©
2 ! 2
[ ] | - Q
Rl [
g 0.2 ' -0.2 o
E pe=10.5 | &
5 ] E | =
©
0 T T T T T 4 Y H - 0
0 2 4 6 8 10 12
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Fig. 5. Dimensionless shell thickness S and surface temperature U, as a function of dimensionless time p for two selected values of Phy;.
Boundary condition at s = 0 of the second kind. (a) Ph; = 10, (b) Phy; =0.1.

numerically computed values, in the range
/P/Phy < 10
Ph
\/?; =—214+0.377(1 —e‘l"‘gf"h[i) (65)
Jr
_.\/_1;=%+o.84<:1—e—%%). (66)
U, \/1;

Boundary condition at s = 0 of the third kind: For this
boundary condition the S—p and U;—p curves depend

on the two variables: Phy; and Bi. Two examples are
given in Fig. 7. At large Bi (Bi — o0) the boundary con-
dition of the third kind reduces to that of the first kind,
that is the surface temperature U, becomes constant and
equal to zero (T, = T,), and Neumann’s solution is
obeyed with the square root law §= 2ns\/;7. This
behavior is approached by the numerical solution for
Phy, = 0.2 and Bi = 10, Fig. 7(a). At small values of Bi
the numerical solution yields a linear S—p dependence,
Fig. 7(b). It can be shown that for the boundary condition
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correlations are shown in Figs. 8 and 9. The dashed
lines in Figs. 8(a) and 9(a) represent the steady-state
approximation which is approached at high Pk and

of the third kind S/\/; and U, are unique functions of
Bi\/‘;, at constant value of Phy,;. Alternatively, S/\/; and
U, can be given also as functions of S Bi. The obtained



3278 H. Sha, K. Schwerdtfeger/Int. J. Heat Transfer 41 (1998) 3265-3278

small Bi as required. The following approximation for-
mulae represent the numerically computed correlations
in the range Bi\/1—) < 100 and Phy; = 0.1

N _Bi\/g;
1 /1+2Bi2p 0.35Phgy**(Biy/p)**
Uy Phi 140.50(1+ Phi"**)(Biy/p)'*

(68)

» Ph I —1.34 .
\/P _ m, ﬁ(1 — o~ (0.53+0.50Phy *)(y/ Biy/p)) (67)

7. Summary and conclusion

In the present work the Green’s function method has
been applied to the solidification problem of pure
materials, in plate geometry, involving the boundary con-
ditions at the surface of the first, second, and third kind.
In this method the heat flow equation is transformed, by
application of a suitable Green’s function, into an inte-
gral equation which is then solved numerically with a
finite difference scheme. The advantage compared to the
conventional numerical methods used to solve the heat
flow equation, is a considerable decrease in computer
time.

The results are presented in the form of dimensionless
correlations for the shell thickness and surface tempera-
ture. These correlations can be utilized to predict the
progress of solidification for a broad range of slab thick-
ness, material properties, and cooling conditions. The
numerical computations were compared with certain ana-
lytical solutions. The results for the boundary conditions
at the surface of the first kind (7, = const) agree perfectly
with the exact analytical solution by Neumann. The cal-
culations for the boundary condition of the second

(go = const) and third kind (k = const) approach to the
analytical solution for the steady-state behavior at high
values of phase transformation number and low value of

MDint mrrmlane oo ra~iviead
DIUL HUinoeL, ad 1vyuircu.
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